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Abstract
Owing to the extreme smallness of any noncommutative scale that may exist in nature, both
in the spatial and momentum sector of the quantum phase-space, a credible possibility of their
detection lies in the present day gravitational wave detector set-ups, which effectively detects
the relative length-scale variations O [10−23]. With this motivation, we have considered
how a free particle and harmonic oscillator in a quantum domain will respond to linearly
and circularly polarized gravitational waves if the given phase-space has a noncommutative
structure. The results show resonance behaviour in the responses of both free particle and
HO systems to GW with both kind of polarizations. We critically analyze all the responses,
and their implications in possible detection of noncommutativity. We use the currently
available upper-bound estimates on various noncommutative parameters to anticipate the
relative size of various response terms. We also argue how the quantum harmonic oscillator
system we considered here can be very relevant in context of the resonant bar detectors of
GW which are already operational currently.
1 Introduction
At the Planck scale the space-time is thought to have a granular structure much like the phase-
space of quantum mechanics (QM). This is owing to the uncertainty induced in spatial coor-
dinates due to sharp localization of events in space [1, 2, 3]. This granularity can be realized
theoretically by describing the space-time with a set of coordinates xµ, (µ = 0, 1, 2, 3) following
a noncommutative (NC) algebra [xµ, xν ] = iθµν , where θµν is a constant anti-symmetric tensor
of second rank. This space-time is referred to as canonical NC space-time [4]. Theories defined
on such spaces are generically called NC theories [5, 6, 7]. One can further extend the NC space
to a more general NC phase-space1 [8, 9, 10, 11, 12] with both the canonical pairs following the
algebra:
[xˆi, pˆj ] = ih˜δij , [xˆi, xˆj] = iθǫij , [pˆi, pˆj] = iθ¯ǫij (1)
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1Since we only consider the NC quantum mechanical phase-space we choose to ignore noncommutativity among
the spatial coordinates and time.
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where i, j = 1, 2; h˜ = h¯
(
1 + θθ¯
4h¯2
)
is the modified Planck’s constant; θ and θ¯ are spatial and
momentum NC parameters respectively and ǫij = −ǫji, (ǫ12 = 1) is the anisymmetric tensor in
two dimension2. The main argument for considering a NC phase-space is that noncommutativity
between momenta arises naturally as a consequence of noncommutativity between coordinates,
as momenta are defined as the partial derivatives of the action with respect to the coordinates
[13]. Theories defined over a noncommutative phase-space have also been furnished in [14, 15, 16]
in context of the NC harmonic oscillator and NC Lorentz transformations.
The mathematical complexities aside, the biggest challenge in such NC theories is to identify
experimentally detectable effects of noncommutativity owing to the extreme smallness of the
NC parameters θ and θ¯ appearing in the algebra (1). Though such effects may only appear
near the string/Planckian scale, it is hoped that some low energy relics may exist and their
phenomenological consequences are currently being explored at the level of quantum mechanics
[17, 18, 19, 11, 21, 22, 23, 24, 25]. Typical low energy non-accelerator experiments are the
Lamb-shift [26], and clock-comparison experiments [27] where the upperbound on the value of
the canonical NC parameter was found to be θ ≤ (10TeV)−2 which corresponds to 4× 10−40m2
for h¯=c=1. On the other hand such upperbounds on the momentum NC parameter [11, 12]
is θ¯ ≤ 2.32 × 10−61kg2m2sec−2 and time-space NC parameter [21, 22] is θ0i ≤ 9.51 × 10−18m2
which are shown to be mutually consistent in [21]. These upperbounds correspond to the length
scale range ∼ 10−20m. Lookings at these bounds one can not help but notice that at present
the only potential possibility of finding the NC signature experimentally is in the high-precision
gravitational wave detection experiments like LIGO [28], VIRGO [29], GEO [30] and TAMA [31].
Indeed, the current Advanced LIGO [32] detectors has reached a sensitivity where one can detect
a length-variation of the order of δLL ∼ 10−23/
√
Hz or better. Various resonant bar detectors
are also not much behind [33, 34, 35, 36, 37, 38]. This roughly means that these modern GW
interferometers are capable of monitoring the (relative) positions of their test masses with an
accuracy of order 10−20m. Also, GW detectors based on matter-wave interferometry [39, 40, 41]
have been suggested recently which claim similar strain sensitivity. These interferometers are
thus ideally suited to monitor the fuzzyness introduced in distance measurements between test
masses. If the space we live in indeed has a NC phase-space structure, the concept of distance is
then fundamentally fuzzy. Thus even in the idealized situation where all classical and ordinary
quantum noise sources are completely eliminated, the read-out of a GW detector would still pick
up the noise of phase-space noncommutativity [42, 43].
Since NC phase-space structure is inherently quantum mechanical in nature, a quantum
mechanical theory of the GW-matter interaction in an NC phase-space would be necessary
to predict the possible NC effects, noise sources or otherwise, in the GW detector read-outs.
In this endeavour we have recently adopted a systematic approach [44] to study the effect of
linearly polarized GW(s) in the long-wavelength and low velocity limit on the test matter, e.g.,
free particle and a harmonic oscillator (HO) [45, 46] in a space with NC coordinates. These
studies show that while the spatial noncommutativity may not affect the response of a free
particle to GW in a detectable manner, the response of a HO system to GW is significantly
affected. Specifically, the spatial noncommutativity introduces a characteristic frequency into
the HO system that shifts the resonance point in presence of GW, moreover it also creates a
new resonance between the natural frequency of the HO and itself [46]. In [47] we have shown
that when the noncommutative structure is generalized from the septial sector to the whole
phase-space, even the response of the free particle to linearly polarized GW is significantly
altered. The noncommutativity in the momentum sector brings in an oscillatory nature in the
dynamical evolution of the free particle with a frequency characterized by the momentum NC
parameter. Also in [48] we have shown that the free particle and HO, in presence of only spatial
2For our purpose we can confine our attention to the four-dimensional NC phase-space
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noncommutativity, respond to a circularly polarized GW with the same basic features as they
do to linearly polarized ones. Accounting for the circular polarization is non-trivial primarily
because, unlike the linearly polarized case, here the polarization vectors evolve in time which
makes the algorithm for computing the time evolution of the responding matter different from
the former case.
In view of these results one can immediately identify that three very pertinent questions
emerge:
1. Do the matter system retain the basic similarities in their responses to both linear and
circularly polarized GW (as has been found in the results of [48] mentioned above) when
one generalizes from spatial noncommutativity to phase-space noncommutativity?
2. Since the momentum sector of noncommutativity is known to introduce a novel frequency
characterizing a fundamental momentum scale into the free particle system [47], making
its time evolution periodic, how it will affect the HO system which already has a natural
oscillation that can resonate with periodic GW signals?
3. Are the effects of the spatial and momentum sector of the NC phase space distinguishable?
Posed in a different form, if a NC signature is indeed detected in the response of free
particle/HO to linearly/circularly polarized GW, can one tell from which sector of the NC
phase-space algebra did it originate?
We answer all these questions in the present paper by constructing a general quantum mechanical
description in the NC phase-space where both coordinate and momentum are assumed to follow
noncommutative algebra (1), with both linear and circular polarization of GW interacting with
free particle/ HO systems. We shall carry out the analysis for the linearly and circularly polarized
GW signals separately since the algorithm to compute time evolution for the two cases are
different.
This paper is organized as follows. In the next section we describe the general methodology of
our work. This involves obtaining a quantum mechanical description of a simple matter system
interacting with GW in the NC phase-space and computing its subsequent time-evolution. This
will lay the theoretical foundation of the paper and also fix the notations. In section 3, we
compute the dynamics of a quantum particle which is otherwise free except for its coupling
to circularly polarized GW, in NC phase space. A comparison of this result with our earlier
work [47] where exclusively linearly polarized GWs was considered will follow. In section 4 we
elaborate on the quantum dynamics of a harmonic oscillator coupled to GW, again in the NC
phase-space, and discuss the results. Here interaction with both linearly as well as circularly
polarized GW will be worked out, the results will be conclude with a discussion in section 5.
2 Methodology
We start by noting that in the proper detector frame the geodesic deviation equation for a
particle of mass m subject to linearized GW takes [49] the form of a Newton’s force equation.
Specifically, in a potential V (x) the equation is
mx¨j = −mRj0,k0xk − ∂jV (2)
where dot denotes derivative with respect to the coordinate time of the proper detector frame3,
xj is the proper distance of the particle from the origin and Rj0,k0 are the relevant components
3It is the same as it’s proper time to first order in the metric perturbation.
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of the curvature tensor in terms of the metric perturbation hµν defined by
4
gµν = ηµν + hµν ; |hµν | << 1 (3)
on the flat Minkowski background ηµν .
The gauge-choice
(
h0µ = 0, hµν;
µ = 0, hµµ = 0
)
that removes the unphysical degrees of free-
dom (DOF) and renders the GW transverse and traceless, has been made, so that only non-trivial
components of the curvature tensor Rj0,k0 = −h¨jk/2 appear in eq.(2). The two physical DOF
brought out by this choice are referred as the × and + polarizations of GW and considering z to
be the propagation direction, the surviving components of the 2×2 matrix hjk in the transverse
plane, h11 = −h22 and h12 = h21 represent these states respectively.
Note that, eq.(2) can be used as long as the spatial velocities involved are non-relativistic and
|xj | is much smaller than the reduced wavelength λ2π of GW. These conditions are collectively
referred as the small-velocity and long wavelength limit and met by resonant bar-detectors and
earth bound interferometric detectors5 with the origin of the coordinate system centered at
the detector. This also ensures that in a plane-wave expansion of GW, hjk =
∫
(Ajke
ikx +
A∗jke
−ikx)d3k/ (2π)3 , the spatial part ei
~k.~x ≈ 1 all over the detector site. Thus our only concern is
the time-dependent part of the GW. If the polarization information contained in Ajk is expressed
in terms of the Pauli spin matrices, hjk takes the most convenient form
hjk (t) = 2f
(
ε×σ
1
jk + ε+σ
3
jk
)
(4)
where 2f is the amplitude of the GW and (ε×, ε+) are the two possible polarization states of
the GW satisfying the condition ε2× + ε
2
+ = 1 for all t. For linearly polarized GW the frequency
Ω is contained in the time-dependent amplitude 2f(t) whereas for circularly polarized GW the
time-dependent polarization states (ε× (t) , ε+ (t)) contains the frequency Ω.
2.1 Constructing the quantum system interacting with Gravitational waves
in NC phase-space
In order to obtain a quantum mechanical description of the GW-matter interaction we first
obtain the appropriate classical Hamiltonian. This can be simply done by writing down the
Lagrangian for the system (2), upto a total time- derivative term as
L = 1
2
mx˙2 −mΓj0kx˙jxk − V (x) (5)
where Rj0,k0 = −dΓ
j
0k
dt = −h¨jk/2. Computing the canonical momentum pj = mx˙j − mΓj0kxk
corresponding to xj we write the Hamitonian
H =
1
2m
(
pj +mΓ
j
0kx
k
)2
+ V (x) . (6)
Once we have the classical Hamiltonian we can have the NCQM description of the system
simply by elevating the phase-space variables
(
xj , pj
)
to operators
(
xˆj, pˆj
)
and imposing the
NC Heisenberg algebra (1). Note that this algebra can be mapped [26, 20] to the standard(
θ, θ¯
)
= (0, 0) Heisenberg algebra spanned by the operators Xˆi and Pˆj of the ordinary QM
through the transformation equations
xˆi = Xˆi − 1
2h¯
θǫijPˆj , pˆi = Pˆi +
1
2h¯
θ¯ǫijXˆj . (7)
4As is usual, latin indices run from 1− 3. Also ; denotes covariant derivatives.
5Note that these conditions are not satisfied by the proposed space-borne interferometer LISA or by the
Doppler tracking of spacecraft.
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Writing the NCQM version of eq.(6) and employing the map (7) we obtain the effective Hamil-
tonian
Hˆ =
Pˆj
2
2m
+ Γj0kXˆjPˆk +
θ¯
2mh¯
ǫjmXˆ
jPˆm − θ
2h¯
ǫjmPˆmPˆkΓ
j
0k +
θ¯
2h¯
ǫjmXˆmXˆkΓ
j
0k + V
(
Xˆi − 1
2h¯
θǫijPˆj
)
(8)
which gives the equivalent description of the noncommutative system (6) in terms of the com-
mutative operators Xˆi and Pˆj . Since these operators admit the standard Heisenberg algebra,
the rules of ordinary QM applies to (8). Also note that it has been demonstrated in various
formulations of NC general relativity [50, 51] that any NC correction in the gravity sector is
second order in the NC parameter. Therefore, in a first order theory in NC space, the GW
remains unaltered by NC effects.
2.2 Tracking the time-evolution
To study the time evolution of the system we introduce the raising and lowering operators
Xˆj =
(
h¯
2m̟
)1/2 (
aj + a
†
j
)
; Pˆj = −i
(
h¯m̟
2
)1/2 (
aj − a†j
)
(9)
For the free particle case, V (x) = 0, the frequency ̟ is determined from the initial uncertainty
in either the position or the momentum of the particle [44] whereas for the harmonic oscillator
case V (x) = 12m̟
2xj
2, ̟ is identified with the natural frequency of the oscillator. Expressing
the commutative equivalent effective Hamiltonian (8) in terms of (aj , a
†
j) one can easily compute
the time evolution of the system by
daj(t)
dt
=
1
ih¯
[
Hˆ, aj
]
(10)
using the the algebra satisfied by the raising and lowering operators[
aj(t), a
†
k(t)
]
= δjk ; [aj(t), ak(t)] = 0 =
[
a†j(t), a
†
k(t)
]
. (11)
We further employ the time dependent Bogoliubov transformation which relate the operators
aj(t) and a
†
j(t) with their initial value at time t = 0
aj(t) = ujk(t)ak(0) + vjk(t)a
†
k(0) ; a
†
j(t) = a
†
k(0)u¯kj(t) + ak(0)v¯kj(t) (12)
so that the time evolution of the system can be cast in terms of the generalized Bogoliubov
coefficients ujk and vjk which are 2 × 2 complex matrices in the x − y plane. Due to eq. (11),
they must satisfy
uvT = uT v , uu† − vv† = I, (13)
written in matrix form where T denotes transpose, † denotes complex conjugate transpose and
I is the identity matrix. Since aj(t = 0) = aj(0), equation (12) imposes the boundary conditions
ujk(0) = I ; vjk(0) = 0 . (14)
on ujk(t) and vjk(t). The final form of the equations of motion are writen in terms of a pair of
2× 2 matrices
ζjk = ujk − vjk†; ξjk = ujk + vjk† (15)
which are in the x− y plane.
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2.2.1 Case of linearly polarized GW
The linearly polarized GW can be expressed in terms of the Pauli spin matrices (see equation
(20)) as
hjk (t) = 2f(t)
(
ε×σ
1
jk + ε+σ
3
jk
)
(16)
To set a suitable boundary condition we shall assume that the GW hits the system at t = 0 so
that
f(t) = 0 , for t ≤ 0. (17)
Since any 2×2 complex matrix can be written as a linear combination of the Pauli spin matrices
and identity matrix, we also express the matrices ζjk and ξjk as
ζjk (t) = AIjk +B1σ
1
jk +B2σ
2
jk +B3σ
3
jk (18)
ξjk (t) = CIjk +D1σ
1
jk +D2σ
2
jk +D3σ
3
jk . (19)
so that the equations of motion will reduce to a set of coupled first order differential equations in
A,B1, B2, B3, C,D1,D2,D3. Noting that |f(t)| << 1, these equations can be solved iteratively
about their f(t) = 0 solution.
2.2.2 Case of circularly polarized GW
In case of circularly polarized GW the situation is slightly different. Here the GW hjk can be
written as
hjk (t) = 2f0
(
ε1(t)σ
1
jk + ε3(t)σ
3
jk
)
(20)
where 2f0 is the constant amplitude of the GW and the polarization vectors ε1(t) and ε3(t)
evolve according to
dǫ3(t)
dt
= Ωǫ1(t) ,
dǫ1(t)
dt
= −Ωǫ3(t) (21)
with Ω being a constant frequency. In this case we proceed to solve the equations of motion
as follows. First we remember that any 2 × 2 complex matrix M can be written as a linear
combination of the Pauli spin matrices and identity matrix as
M = θ0I + θAσ
A (22)
where θ0 and θA are complex numbers. Next, considering (θA) , A = 1, 2, 3 as being a vector in
a three dimensional complex space.The polarization states of the GW can also be represented
as a vector ~ε in this space. Considering ~ε, ~˙ε and ~ε × ~˙ε are mutually orthogonal and thus form
a natural directional triad, we can choose the trio as the coordinate axis for this space. Hence,
we expess the pair of matrices (χ, ξ) as
χ = AI +B~ε · ~σ + C ~˙ε · ~σ
Ω
+Di
~ε× ~˙ε
Ω
· ~σ , (23)
ξ = EI + F~ε · ~σ +G~˙ε · ~σ
Ω
+Hi
~ε× ~˙ε
Ω
· ~σ , (24)
where A, B, C, D,E,F ,G,H can be complex functions. We thus reduce our equations of motion
to a set of first order differential equations for these complex fuctions which will be solved itera-
tively about the f0 = 0 solution upto first order in the GW amplitude. In the next two sections
we shall consider the response of a free particle and harmonic oscillator to GW respectively in
a NC phase-space.
6
3 Free particle in NC phase space interacting with circularly
polarized gravitational wave
We consider a quantum mechanical free particle interacting with circularly polarized GWs in NC
phase-space that obeys algebra (1). In this case the potential is V = 0 and in terms of the raising
and lowering operators (9) the commutative equivalent of the NC phase-space Hamiltonian (8)
takes the form
Hˆ =
h¯̟
4
(
2a†jaj + 1− a2j − a†2j
)
− ih¯
4
h˙jk
(
ajak − a†ja†k
)
+
iθ¯
4m
ǫjka
†
jak
+
m̟θ
8
ǫjmh˙jk(amak − ama†k + C.C.) +
θ¯
8m̟
ǫjmh˙jk(amak + ama
†
k + C.C.). (25)
where C.C. means complex conjugate. Hence the Heisenberg eqn. of motion of aj(t) (10) reads
daj(t)
dt
=
−i̟
2
(
aj − a†j
)
+
1
2
h˙jka
†
k +
θ¯
4mh¯
ǫjkak +
im̟θ
8h¯
(ǫljh˙lk + ǫlkh˙lj)(ak − a†k)
− iθ¯
8m̟h¯
(ǫlj h˙lk + ǫlkh˙lj)(ak + a
†
k) (26)
and that of a†j(t), given by the C.C of the above equation. Using eq(s)( 12) the time-evolution
described in (26) can be cast in terms of the matrix pair (ζ, ξ) defined in (15):
dζjk
dt
= −1
2
h˙jlζlk +
θ¯
4mh¯
ǫjlζlk − iθ¯
4m̟h¯
(ǫlj h˙lp + ǫlph˙lj)ξpk (27)
dξjk
dt
= −i̟ζjk + 1
2
h˙jlξlk +
im̟θ
4h¯
(ǫplh˙jp − ǫjph˙pl)ζlk + θ¯
4mh¯
ǫjlξlk . (28)
Since we want to consider interacting with circularly polarized GW, we substitute eqns.(20, 21, 23, 24)
in eqns.(27, 28) and get the quantum dynamics of the system described in terms of a set of first
order differential eqns
dA
dt
+ f0ΩC − Λθ¯D +
i4Λθ¯
̟
f0ΩF = 0 ,
dB
dt
− ΩC − f0ΩD + Λθ¯C +
i4Λθ¯
̟
f0ΩE = 0 ,
dC
dt
+ΩB + f0ΩA− Λθ¯B +
i4Λθ¯
̟
f0ΩH = 0 ,
dD
dt
− f0ΩB + Λθ¯A+
i4Λθ¯
̟
f0ΩG = 0
dE
dt
+ i̟A− f0ΩG− Λθ¯H − iΛf0ΩB = 0 ,
dF
dt
− ΩG+ i̟B + f0ΩH + Λθ¯G− iΛf0ΩA = 0 ,
dG
dt
+ΩF + i̟C − f0ΩE − Λθ¯F − iΛf0ΩD = 0 ,
dH
dt
+ i̟D + f0ΩF + Λθ¯E − iΛf0ΩC = 0 . (29)
to be solved to first order in the GW amplitude with boundary conditions eq(14), which physi-
cally signifies that the GW hits the particle at t=0. Here
Λθ¯ =
θ¯
4mh¯
(30)
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is a new frequency that is characteristic of the NC momentum scale θ¯ and
Λ =
m̟θ
h¯
(31)
is a dimensionless parameter with spatial NC parameter
√
θ.
Solving the eq.(s)(29) we get
A(t) = cos Λθ¯t− f0Ω
1
Ω− Λθ¯
(
N3 +
̟
Ω− Λθ¯
)
− 4Λθ¯f0Ω
N2
̟ (Ω− Λθ¯)
− i 4Λθ¯f0ΩN1
̟ (Ω− Λθ¯)
B(t) = N1 − f0Ω(1− cos Λθ¯t)
Λθ¯
− 4f0Ω
[
t sinΛθ¯t+
1− cos Λθ¯t
Λθ¯
]
− i4f0Ω sinΛθ¯t
̟
C(t) = −N1 − f0Ω sinΛθ¯t
Λθ¯
− 4f0Ω
[
t sin Λθ¯t+
1− cos Λθ¯t
Λθ¯
]
− i4f0Ω sinΛθ¯t
̟
D(t) = − sin Λθ¯t+ f0Ω
N1
Ω− Λθ¯
− 4f0Ω Λθ¯
̟ (Ω− Λθ¯)
(
N2 − ̟
Ω− Λθ¯
)
− i 4Λθ¯f0ΩN1
̟ (Ω− Λθ¯)
E(t) = cos Λθ¯t+ f0Ω
N1
Ω− Λθ¯
+ i
[
−̟ sinΛθ¯t
Λθ¯
+
f0̟
Ω− Λθ¯
(
N2 − ̟
Ω− Λθ¯
)
−̟
(
t cos Λθ¯t+
sinΛθ¯t
Λθ¯
)
+Λf0Ω
N1
Ω− Λθ¯
]
F (t) = N1 − f0Ω(1− cos Λθ¯t)
Λθ¯
+ i
[(
N2 − ̟
Ω− Λθ¯
)
− ̟N1
Ω− Λθ¯
+ Λf0Ω
sinΛθ¯t
Λθ¯
− f0Ω̟tsinΛθ¯t
Λθ¯
+f0Ω̟
(1− cos Λθ¯t)
(Λθ¯)
2
]
G(t) = −N1 + f0ΩsinΛθ¯t
Λθ¯
+ i
[(
N3 +
̟
Ω− Λθ¯
)
− ̟N1
Ω− Λθ¯
+ Λf0Ω
1− cos Λθ¯t
Λθ¯
−̟tf0ΩsinΛθ¯t
Λθ¯
−f0Ω̟1− cos Λθ¯t
Λ2
θ¯
]
H(t) = − sin Λθ¯t−
f0ΩN1
Ω− Λθ¯
+ i
[
f0Ω
Ω− Λθ¯
(
N3 +
̟
Ω− Λθ¯
)
−̟t sinΛθ¯t+
̟ (1− cos Λθ¯t)
Λθ¯
+Λf0Ω
N1
Ω− Λθ¯
]
(32)
where N1, N2, N3 are given by
N1 = 1− cos (Ω− Λθ¯) t
N2 = ̟
[
sin (Ω− Λθ¯) t+ cos (Ω− Λθ¯) t− 1
Ω− Λθ¯
− t
]
N3 = ̟
[
sin (Ω− Λθ¯) t− cos (Ω− Λθ¯) t+ 1
Ω− Λθ¯
− t
]
(33)
Using these expressions in (23, 24) we can have the solution in terms of the matrix pair (ζ, ξ)
which can be further substituted in the in ( 12) via (15) to obtain the time-evolution of the
raising and lowering operators aj (t) and a
†
j (t) in terms of their initial values aj (0) and a
†
j (0).
Using the definition of the raising and lowering operators (9) at initial time and any subsequent
time yields the expectation value of the components of position and momentum of the particle
at an arbitrary time t in terms of their initial expectation values (X1 (0) ,X2 (0)) and momentum
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(P1 (0) , P2 (0)). We give the explicit expression for 〈X1 (t)〉 and 〈X2 (t)〉 of the test bodies below.
〈X1 (t)〉 = [cos Λθ¯t+ (ǫ3 − ǫ1)N1]X1 (0) + [sinΛθ¯t+ (ǫ1 + ǫ3)N1]X2 (0)
+ [̟t cos Λθ¯t+ (N2ǫ3 +N3ǫ3)]
P1 (0)
m̟
+
[
−̟ (Ω− Λθ¯) {
t (1− cos Λθ¯t)
Λθ¯
− sin Λθ¯t
Λ2
θ¯
}ǫ1 − (N2ǫ1 +N3ǫ3) + ̟
Λθ¯
(1− cos Λθ¯t) ǫ1
]
P2 (0)
m̟
+f0
[
− 4Λθ¯Ω
̟ (Ω− Λθ¯)
(
N3 − ̟
Ω− Λθ¯
)
− ΩN1
Ω− Λθ¯
− 4Ω (ǫ1 + ǫ3) {t sin Λθ¯t−
1− cos Λθ¯t
Λθ¯
}
−Ωtǫ1 cos Λθ¯t]X1 (0)
+f0
[
−4Ωt sin Λθ¯t (ǫ1 − ǫ3)−
ΩN1
Ω− Λθ¯
+
4Λθ¯Ω
̟ (Ω− Λθ¯)
(
N2 − ̟
Ω− Λθ¯
)
− Ωtǫ3 cos Λθ¯t
]
X2 (0)
+f0
[
− Ω
Ω− Λθ¯
(
N2 − ̟
Ω− Λθ¯
)
+
4Λθ¯ΩN1
̟ (Ω− Λθ¯)
+
ΛΩ
Λθ¯
{ǫ3 sin Λθ¯t+ ǫ1 (1− cosΛθ¯t)}
− ΛΩN1
Ω− Λθ¯
− Ω̟t
Λθ¯
{ǫ3 (1− cosΛθ¯t)− ǫ1 sin Λθ¯t}+
Ω̟
(Λθ¯)
2 {−ǫ3 sinΛθ¯t+ ǫ1 (1− cos Λθ¯t)}
−ΛΩtǫ3 cosΛθ¯t+
̟Ωt2ǫ1
2
cos Λθ¯t−
4Ω sinΛθ¯t
̟
(ǫ3 + ǫ1)
]
P1 (0)
m̟
+f0
[
−ΛΩ
Λθ¯
{ǫ1 sin Λθ¯t− ǫ3 (1− cos Λθ¯t)} −
Λθ¯ΩN1
Ω− Λθ¯
ǫ1 +
Ω̟t
Λθ¯
{ǫ1 (1− cos Λθ¯t) + ǫ3 sinΛθ¯t}
+
ΛΩ
(Λθ¯)
2 {−ǫ1 sin Λθ¯t+ ǫ3 (1− cos Λθ¯t)}+
4Ω sinΛθ¯t
̟
(ǫ1 − ǫ3)− Ω
Ω− Λθ¯
(
N3 +
̟
Ω− Λθ¯
)
− ΛΩN1
Ω− Λθ¯
− 4Λθ¯ΩN1
̟ (Ω− Λθ¯)
− ΛΩtǫ1 cos Λθ¯t+
̟Ωt2ǫ3
2
cos Λθ¯t
]
P2 (0)
m̟
(34)
〈X2 (t)〉 = [cos Λθ¯t− (ǫ3 − ǫ1)N1]X2 (0) + [sinΛθ¯t+ (ǫ1 + ǫ3)N1]X1 (0)
+ [̟t cos Λθ¯t+ (N2ǫ3 −N3ǫ3)]
P2 (0)
m̟
+
[
−̟ (Ω− Λθ¯) {
t (1− cos Λθ¯t)
Λθ¯
− sin Λθ¯t
Λ2
θ¯
}ǫ1 − (N2ǫ1 +N3ǫ3) + ̟
Λθ¯
(1− cos Λθ¯t) ǫ1
]
P1 (0)
m̟
+f0
[
− 4Λθ¯Ω
̟ (Ω− Λθ¯)
(
N3 − ̟
Ω− Λθ¯
)
− ΩN1
Ω− Λθ¯
− 4Ω (ǫ1 + ǫ3) {t sin Λθ¯t−
1− cos Λθ¯t
Λθ¯
}
+Ωtǫ1 cos Λθ¯t]X2 (0)
+f0
[
−4Ωt sin Λθ¯t (ǫ1 − ǫ3) +
ΩN1
Ω− Λθ¯
+
4Λθ¯Ω
̟ (Ω− Λθ¯)
(
N2 − ̟
Ω− Λθ¯
)
+Ωtǫ3 cos Λθ¯t
]
X1 (0)
+f0
[
− Ω
Ω− Λθ¯
(
N2 − ̟
Ω− Λθ¯
)
+
4Λθ¯ΩN1
̟ (Ω− Λθ¯)
+
ΛΩ
Λθ¯
{ǫ3 sin Λθ¯t+ ǫ1 (1− cosΛθ¯t)}
− ΛΩN1
Ω− Λθ¯
− Ω̟t
Λθ¯
{ǫ3 (1− cosΛθ¯t)− ǫ1 sin Λθ¯t}+
Ω̟
(Λθ¯)
2 {−ǫ3 sinΛθ¯t+ ǫ1 (1− cos Λθ¯t)}
+ΛΩtǫ3 cosΛθ¯t+
̟Ωt2ǫ1
2
cos Λθ¯t−
4Ω sinΛθ¯t
̟
(ǫ3 + ǫ1)
]
P2 (0)
m̟
+f0
[
−ΛΩ
Λθ¯
{ǫ1 sin Λθ¯t− ǫ3 (1− cos Λθ¯t)} −
Λθ¯ΩN1
Ω− Λθ¯
ǫ1 +
Ω̟t
Λθ¯
{ǫ1 (1− cos Λθ¯t) + ǫ3 sinΛθ¯t}
+
ΛΩ
(Λθ¯)
2 {−ǫ1 sin Λθ¯t+ ǫ3 (1− cos Λθ¯t)}+
4Ω sinΛθ¯t
̟
(ǫ1 − ǫ3) + Ω
Ω− Λθ¯
(
N3 +
̟
Ω− Λθ¯
)
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− ΛΩN1
Ω− Λθ¯
− 4Λθ¯ΩN1
̟ (Ω− Λθ¯)
− ΛΩtǫ1 cos Λθ¯t−
̟Ωt2ǫ3
2
cos Λθ¯t
]
P1 (0)
m̟
(35)
Let us try to point out the salient features of this result. First of all notice that there is a smooth
commutative limit
(
θ, θ¯
) → (0, 0) i.e., (Λ,Λθ¯) → (0, 0) to these solutions owing to the factors
like
(1−cos Λθ¯t)
Λθ¯
and
sinΛθ¯t
Λθ¯
.
Next, we look at the different terms of the above solutions. The first four square bracketed
terms in both eqn.s (34, 35) show that the momentum noncommutativity makes the solution
oscillatory with a characteristic frequency Λθ¯ even in the absence of any GW. The terms propor-
tional to N1, N2 andN3 appear there since we have chosen a directional triad which is rotating
with a frequency Ω. Further, for a non-zero θ¯ the free particle sees the triad to rotate with a
reduced frequency (Ω− Λθ¯) instead of Ω.
Rest of the terms are proportional to the GW amplitude f0 and show the manifest effect
of GW. In both eqn. (34) and (35), among the terms with a (Ω− Λθ¯)−1 factor, some will
grow rapidly near Ω = Λθ¯ for non-zero θ¯. This we refer to as the resonance behavior. Note
that the resonance appears here typically between the oscillatory nature induced into the free-
particle motion by the noncommutativity among the momenta and the periodic GW. Thus it is
a noncommutative effect.
Such noncommutativity-induced resonance behaviour appeared earlier in [47] (where we
considered response of a free particle to linearly polarized GW) at the same value of frequency
Λθ¯ =
θ¯
4mh¯ =
(
m
mn
)−1
0.33Hz. This sub-Hz frequency range is estimated using the latest upper
bound estimation of the momentum NC parameter [11] θ¯ ≤ 2.32× 10−61kg2m2sec−2 and taking
neutron mass mn = 167.32 × 10−29kg) as the reference mass of a free particle. Reason for
choosing neutron mass as reference is that we are considering the quantum dynamics of a free
particle and only microscopic particles qualify. Thus we see from the present paper that the
resonance point does not depend on the kind of polarization of the GW. This answers the first
question posed in the introduction at least for the free particle case.
Also note that the resonance is likely to occur in the milli-Hz range. Therefore, the present
ground-based detectors operating in the kHz range will not be sensitive to them. However, the
upcoming space-based GW detectors (e.g. LISA [53]) will look precisely in the milli-Hz frequency
range and should be able to pick up such NC effects. Also the recently proposed Torsion-Bar
Antenna (TOBA) [54, 55] for low-frequency GW observations may be relevant in this context.
Recently the combined atom and laser interferometry technique has been proposed that also
claims to extend the GW detection frequency band to the lower frequency region namely 0.1-10
Hz.
We finish this section by noticing that whereas the characteristic frequency Λθ¯ due to mo-
mentum noncommutativity is ubiquitous in both eqn.s (34, 35), the dimensionless parameter
Λ due to coordinate noncommutativity only appears in a handful of terms, and such terms
always carry the amplitude of the GW f0. Using the upper-bound estimate[27] of the spatial
NC parameter θ ≈ 10−40m2 and neutron mass as reference, this parameter value is estimated as
Λ = m̟θh¯ ≈ ̟
(
m
mn
)
10−33. Since ̟ is determined from the initial uncertainty of the momentum
or position of the quantum particle, it can not be large enough to make Λ appreciable. Further,
the smallness of GW strain amplitude f0 ≈ 10−23 supresses such terms even further. That
spatial noncommutativity does not affect the response of a free particle to GW in a significant
manner, a result established earlier in [45, 47] for linearly polarized GWs, is thus shown to hold
for circularly polarized GWs as well, in the present paper, again answering the first question
raised in the introduction.
In the next section we will consider the response of the more non-trivial HO system to both
linear and circularly polarized GW in a NC phase-space.
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4 Harmonic oscillator in NC phase space interacting with lin-
early and circularly polarized gravitational wave
For the harmonic oscillator case the potential function is V = 12m̟
2x2 and the Hamiltonian, in
terms of the raising and lowering operators, takes the form
Hˆ = h¯̟
(
a†jaj + 1
)
− ih¯
4
h˙jk
(
ajak − a†ja†k
)
+
m̟θ
8
ǫjmh˙jk
(
amak − ama†k + C.C
)
− i
2
m̟2θǫjka
†
jak +
iθ¯
4m
ǫjka
†
jak +
θ¯
8m̟
ǫjmh˙jk(amak + ama
†
k + C.C.). (36)
where C.C means complex conjugate as usual. Again working in the Heisenberg representation,
the time evolution of aj(t) is given by
daj(t)
dt
= −i̟aj + 1
2
h˙jka
†
k −
m̟2θ
2h¯
ǫjkak +
im̟θ
8h¯
(
ǫljh˙lk + ǫlkh˙lj
) (
ak − a†k
)
+
θ¯
4mh¯
ǫjkak − iθ¯
8m̟h¯
(ǫlj h˙lk + ǫlkh˙lj)(ak + a
†
k) (37)
and that of a†j(t) is the C.C of the above equation. In terms of the matrix pair (ζ, ξ) in (15) the
time-evolution equations take the form
dζjk
dt
= −i̟ξjk − 1
2
h˙jlζlk − m̟
2θ
2h¯
ǫjlζlk +
θ¯
4mh¯
ǫjlζlk − iθ¯
4m̟h¯
(ǫljh˙lp + ǫlph˙lj)ξpk (38)
dξjk
dt
= −i̟ζjk + 1
2
h˙jlξlk +Θjlζlk − m̟
2θ
2h¯
ǫjlξlk +
θ¯
4mh¯
ǫjlξlk (39)
where Θjl is the term reflecting the interplay of noncommutativity with GW
Θjl =
im̟θ
4h¯
(
h˙jmǫml − ǫjmh˙ml
)
. (40)
In the following we shall solve eq(s) (38, 39) for the special cases of linearly and circularly
polarized GW respectively.
4.1 Response to linearly polarized GW
Referring to (16) and (18, 19) we substitute for hij and (ζ, ξ) in eq(s) (38, 39) and compar-
ing the coefficients of I and σ-matrices, we get a set of first order differential equations for
A,B1, B2, B3, C,D1,D2,D3 :
A˙ = −i̟C − f˙ (ε1B1 + ε3B3)− 4iΛθ¯
̟
f˙(ε3D1 − ε1D3)− iΛ0B2
B˙1 = −i̟D1 − f˙ (ε1A− iε3B2)− 4Λθ¯
̟
f˙(iε3C − ε1D2) + Λ0B3
B˙2 = −i̟D2 − if˙ (ε3B1 − ε1B3)− 4Λθ¯
̟
f˙(ε1D1 + ε3D3)− iΛ0A
B˙3 = −i̟D3 − f˙ (ε3A+ iε1B2) + 4Λθ¯
̟
f˙(iε1C + ε3D2)− Λ0B1
C˙ = −i̟A+ f˙ (ε1D1 + ε3D3) + iΛf˙ (ε3B1 − ε1B3)− iΛ0D2
D˙1 = −i̟B1 + f˙ (ε1C − iε3D2) + Λf˙ (iε3A− ε1B2) + Λ0D3
D˙2 = −i̟B2 + if˙ (ε3D1 − ε1D3) + Λf˙ (ε1B1 + ε3B3)− iΛ0C
D˙3 = −i̟B3 + f˙ (ε3C + iε1D2)− Λf˙ (iε1A+ ε3B2)− Λ0D1 (41)
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Here dot represents derivative with respect to time t. Λ is the same dimensionless parameter
carrying the spatial NC scale defined in (31) and
Λ0 = Λθ − Λθ¯ (42)
is the difference between the frequency characterized by the spatial NC scale θ given by
Λθ =
m̟2θ
2h¯
(43)
and the frequency Λθ¯ characterized by the momentum NC scale θ¯ defined earlier in (30). Once we
arrive at the solutions to the present problem we shall provide estimates of these characteristic
frequencies in context of the physical systems where the quantum harmonic oscillators we are
discussing can be realized.
Noting that the GW strain amplitude is very small |f(t)| << 1, we again solve the above
set of equations iteratively about its f(t) = 0 solution. The appropriate boundary conditions
to apply are again (14, 17). We obtain the following solutions to first order in the gravitational
wave amplitude. We also restrict ourselves to first-order in the NC parameter:
A(t) = C(t) = e−i̟t cos(Λ0t) (44)
B2(t) = D2(t) = −ie−i̟t sin(Λ0t) (45)
B1(t) =
(
ǫ1 + i
4Λθ¯ǫ3
̟
)
K1 +
(
ǫ3 + i
4Λθ¯ǫ1
̟
)
K2 (46)
B3(t) =
(
ǫ3 + i
4Λθ¯ǫ1
̟
)
K1 −
(
ǫ1 + i
4Λθ¯ǫ3
̟
)
K2 (47)
D1(t) = −
(
ǫ1 +
iΛǫ3
4
)
K1 −
(
ǫ3 +
iΛǫ1
4
)
K2 (48)
D3(t) = −
(
ǫ3 +
iΛǫ1
4
)
K1 +
(
ǫ1 +
iΛǫ3
4
)
K2 (49)
with
K1 = −e−i̟t cos(Λ0t)f(t)− 2i̟
∫ t
0
dt′ei̟(t−t
′) cos(Λ0t
′)f(t′) +̟2
∫ t
0
h1(t
′)dt′ (50)
K2 = e
−i̟t sin(Λ0t)f(t) + 2i̟
∫ t
0
dt′ei̟(t−t
′) sin(Λ0t
′)f(t′)−̟2
∫ t
0
h2(t
′)dt′ (51)
and
h1(t) =
∫ t
0
dt′e−i̟t
′
cos(Λ0t
′)f(t′)
h2(t) =
∫ t
0
dt′e−i̟t
′
sin(Λ0t
′)f(t′) . (52)
To work out the above integrals one needs specific GW wave form f (t). In the present paper
we have taken a monochromatic sinusoidal wave form representing periodic GW of frequency Ω
f (t) = f0e
iΩt (53)
Once we have the solutions (44 - 49) the system is essentially solved and all that remains is to
compute all the way back to the expectation value of the components of position and momentum
of the particle at an arbitrary time t in terms of their initial expectation values (X1 (0) ,X2 (0))
and momentum (P1 (0) , P2 (0)). How that can be done has been discussed in the last section
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(below (33)). We give the explicit expression for 〈X1 (t)〉 and 〈X2 (t)〉 of the harmonic oscillator
mass here:
〈X1 (t)〉 = (cos̟−t+ cos̟+t)
2
X1(0) +
(sin̟−t+ sin̟+t)
2m̟
P1(0)
+
(cos̟+t− cos̟−t)
2
X2(0) +
(sin̟+t− sin̟−t)
2m̟
P2(0)
−f0
[
q1(t)− Λ
4
q4(t)
]
[ǫ3X1(0) + ǫ1X2(0)] + f0
[
q3(t) +
Λ
4
q2(t)
]
[ǫ1X1(0) + ǫ3X2(0)]
+f0
[
−q2(t) + 4Λθ¯
̟
q3(t)
]
1
m̟
[ǫ3P1(0) + ǫ1P2(0)]
−f0
[
q4(t) +
4Λθ¯
̟
q1(t)
]
1
m̟
[ǫ1P1(0) − ǫ3P2(0)] (54)
〈X2 (t)〉 = (cos̟−t+ cos̟+t)
2
X2(0) +
(sin̟−t+ sin̟+t)
2m̟
P2(0)
−(cos̟+t− cos̟−t)
2
X1(0)− (sin̟+t− sin̟−t)
2m̟
P1(0)
+f0
[
q1(t)− Λ
4
q4(t)
]
[ǫ3X2(0)− ǫ1X1(0)] + f0
[
q3(t) +
Λ
4
q2(t)
]
[−ǫ1X2(0) + ǫ3X1(0)]
+f0
[
−q2(t) + 4Λθ¯
̟
q3(t)
]
1
m̟
[−ǫ3P2(0) + ǫ1P1(0)]
−f0
[
q4(t) +
4Λθ¯
̟
q1(t)
]
1
m̟
[−ǫ1P2(0)− ǫ3P1(0)] (55)
with the dimensionless functions
q1 (t) = −1
2
(cos∆̟+t+ cos∆̟−t) +
̟
∆̟2 − Λ20
[−k1(t) cos̟t+ k2(t) sin̟t]
+
̟2
2
[
−sin∆̟−t
(∆̟−)
2 +
sin∆̟+t
(∆̟+)
2 +
4∆̟Λ0(
∆̟2 − Λ20
)2
]
(56)
q2 (t) = −1
2
(sin∆̟+t+ sin∆̟−t)− ̟
∆̟2 − Λ20
[k1(t) sin̟t+ k2(t) cos̟t]
+
̟2
2
[
cos∆̟−t
(∆̟−)
2 −
cos∆̟+t
(∆̟+)
2 −
2Λ0t(
∆̟2 − Λ20
)
]
(57)
q3 (t) =
1
2
(sin∆̟+t− sin∆̟−t)− ̟
∆̟2 − Λ20
[k1(t) sin̟t− k2(t) cos̟t]
+
̟2
2
[
−sin∆̟−t
(∆̟−)
2 −
sin∆̟+t
(∆̟+)
2 +
2
(
∆̟2 + Λ20
)
(
∆̟2 − Λ20
)2
]
(58)
q4 (t) = −1
2
(cos∆̟+t− cos∆̟−t)− ̟
∆̟2 − Λ20
[k1(t) cos̟t+ k2(t) sin̟t]
−̟
2
2
[
cos∆̟−t
(∆̟−)
2 +
cos∆̟+t
(∆̟+)
2 −
2∆̟t(
∆̟2 − Λ20
)
]
(59)
and functions with the dimension of frequency
k1(t) = 2∆̟ − Ω− cos (Ω+t) + Ω+ cos (Ω−t) (60)
k2(t) = Ω+ sin (Ω−t) + Ω− sin (Ω+t) (61)
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appear with the following frequencies
∆̟ = ̟ − Ω (difference of the frequencies of theHOand that of theGW signal) (62)
̟± = ̟ ± Λ0 (natural frequency of theHO, shifted byΛ0) (63)
Ω± = Ω± Λ0 (frequency of theGW, shifted byΛ0) (64)
∆̟± = ∆̟ ± Λ0 (difference of the frequencies of theHOandGW, shifted byΛ0) (65)
Note that the the two frequencies Λθ and Λθ¯, characterizing respectively the noncommutativity
of the spatial and the momentum sector, only appear as a combination Λ0, defined in(42) and
hereafter referred as the characteristic frequency of the NC phase-space, in all sinusoidal terms
As in the free particle case we now look at the different terms in the solutions (54, 55) critically.
The first four terms in both (54, 55) are independent of any GW effect and only show standard
HO oscillator solution with the natural frequency ̟ shifted by the characteristic frequency
coming from NC phase-space. The remaining terms are the combined effect of the GW and
the NC phase-space. Owing to the smallness of the GW strain amplitude f0 these terms are
ordinarily small. However, when the natural frequency of the HO becomes
̟ = Ω± = Ω± Λ0 (66)
some terms in the dimensionless functions in (56, 57, 58, 59), owing to the presence of factors
∆̟± in the denominator, will show resonance; thus amplifying the effect of the GW. This
result is consistent with our earlier result in [46] where only spatial noncommutativity has been
considered and the result there showed that due to the presence of spatial NC structure the
ordinarily expected unique resonance point ̟ = Ω will split into two evenly spaced resonance
points ̟ = Ω ± Λθ. Here the only difference is the presence of noncommutativity of the
momentum sector θ¯, which splits the expected resonance point as ̟ = Ω±Λ0 = Ω± (Λθ − Λθ¯).
This also shows that if both the spatial and the momentum sector of the phase-space have a
NC structure, their effects can not be separately identified, at least by looking at the resonance
points. This answers the third question raised in the introduction. Also notable is the existance
of a smooth commutative limit
(
θ, θ¯
)→ (0, 0) i.e., (Λ,Λθ¯)→ (0, 0) when the resonance is at the
expected frequency ̟ = Ω.
Apart from affecting the resonance points, the effect of phase-space noncommutativity is
also apparant in some terms in both (54, 55) which are proportional to f0Λ4 and
4f0Λθ¯
̟ . We
must try to estimate the size of such factors in context of HO system. Curiously, it turns out
that they have a very diferent value in connection with the HO system than their corresponding
estimate in the free particle context in the last section. To see this we have to consider the
experimental setup where quantum mechanical HO’s can be realized in GW detectors. We shall
briefly elaborate on this after we consider the response of a HO system to circularly polarized
GW in the next sub-section.
4.2 Response to circularly polarized GW
We shall now solve eqs.(38, 39) for the circularly polarized GW. We once again substitute the
ansatz (23,24) for the circularly polarized GW (20, 21) in eqs.(38, 39)) to obtain the following
set of coupled linear defferential equations
dA
dt
+ i̟E + f0ΩC +
i4Λθ¯
̟
f0ΩF + Λ0D = 0 ,
dB
dt
− ΩC + i̟F − f0ΩD + i4Λθ¯
̟
f0ΩE − Λ0C = 0 ,
dC
dt
+ΩB + i̟G+ f0ΩA+
i4Λθ¯
̟
f0ΩH + Λ0B = 0 ,
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dD
dt
+ i̟H − f0ΩB + i4Λθ¯
̟
f0ΩG− Λ0A = 0
dE
dt
+ i̟A− f0ΩG− 2iΛθ
̟
f0ΩB + Λ0H = 0 ,
dF
dt
−ΩG+ i̟B + f0ΩH − 2iΛθ
̟
f0ΩA− Λ0G = 0 ,
dG
dt
+ΩF + i̟C − f0ΩE − 2iΛθ
̟
f0ΩD + Λ0F = 0 ,
dH
dt
+ i̟D + f0ΩF − 2iΛθ
̟
f0ΩC − Λ0E = 0 . (67)
Here Λθ¯,Λθ and Λ0 carry the same meaning as in the earlier sub-sections. Also note that the
constant frequency Ω defined in (20, 21) is the frequency of the circularly polarized GW. Solving
the eq.(s)(67) to first order in the GW amplitude with boundary conditions (14) which physically
signifies that the GW hits the particle at t=0, we get
A(t) = 1− Λ0V2 + Λ
2
0
Λ20 −̟2
− f0ΩV3 + i
[
−̟V1 − 4Λθ¯f0ΩV4
̟
+
4Λθ¯f0Ω
̟
(Ω− Λ0)2
̟2 − (Ω− Λ0)2
− ̟
2
Λ20 −̟2
]
B(t) = (Ω + Λ0)V3 − f0ΩV2 + f0ΩΛ0
Λ20 −̟2
+ i
[
−̟V4 + 4Λθ¯f0ΩV1
̟
+
̟ (Ω− Λ0)
̟2 − (Ω− Λ0)2
]
C(t) = − (Ω + Λ0)V4 − f0ΩV1 + Ω
2 − Λ20
̟2 − (Ω− Λ0)2
+
f0Ω̟
Λ20 −̟2
+ i
[
−̟V3 − 4Λθ¯f0ΩV2
̟
+
4Λθ¯f0ΩΛ0
̟
(
Λ20 −̟2
)
]
D(t) = f0ΩV4 + Λ0V1 − f0Ω (Ω− Λ0)
̟2 − (Ω− Λ0)2
− Λ0̟
Λ20 −̟2
+ i
[
−̟V2 − 4Λθ¯f0ΩV3
̟
+
̟Λ0
Λ20 −̟2
]
E(t) = 1− Λ0V2 + Λ
2
0
Λ20 −̟2
− f0ΩV3 + i
[
−̟V1 + 2Λθf0ΩV4
̟
− ̟
2
Λ20 −̟2
− 2Λθf0Ω
̟
(Ω− Λ0)
̟2 − (Ω− Λ0)2
]
F (t) = (Ω + Λ0)V3 − f0ΩV2 + f0ΩΛ0
Λ20 −̟2
+ i
[
−̟V4 + ̟ (Ω− Λ0)
̟2 − (Ω− Λ0)2
+
2Λθf0ΩV3
̟
+
2Λf0Ω
Λ20 −̟2
]
G(t) = − (Ω + Λ0)V4 + f0ΩV1 + Ω
2 − Λ20
̟2 − (Ω− Λ0)2
+
f0Ω̟
Λ20 −̟2
+ i
[
−̟V3 + 2Λθf0ΩV2
̟
− 2Λθf0Ω
̟
Λ0
Λ20 −̟2
]
H(t) = −f0ΩV4 + Λ0V1 + f0Ω (Ω− Λ0)
̟2 + (Ω− Λ0)2
− Λ0̟
Λ20 −̟2
+ i
[
−̟V2 + 2Λθf0ΩV3
̟
+
̟Λ0
Λ20 −̟2
]
(68)
where V1, V2, V3, V4 are functions with dimensions of inverse frequency given by
V1 =
(sin̟t+ cos̟t) (Λ0 sin Λ0t−̟ cos Λ0t)
Λ20 −̟2
V2 =
(sin̟t+ cos̟t) (Λ0 cos Λ0t+̟ sin Λ0t)
Λ20 −̟2
V3 =
̟ cos̟t sin (Ω− Λ0) t− (Ω− Λ0) sin̟t cos (Ω− Λ0) t
̟2 − (Ω− Λ0)2
V4 =
̟ sin̟t sin (Ω− Λ0) t+ (Ω− Λ0) cos̟t cos (Ω− Λ0) t
̟2 − (Ω− Λ0)2
. (69)
In terms of the position and momentum expection values the solution for (〈X1 (t)〉, 〈X2 (t)〉)
read
〈X1 (t)〉 =
[(
1− Λ0V2 + Λ
2
0
Λ20 −̟2
)
+ (Ω + Λ0) (V3ǫ3 − V4ǫ1)
]
X1 (0)
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+(Ω + Λ0)
[
(V3ǫ1 + V4ǫ3)− (Ω− Λ0)
̟2 − (Ω− Λ0)2
]
X2 (0)
+
[(
V1 − ̟
Λ20 −̟2
)
+ (V4ǫ3 + V3ǫ1)− (Ω− Λ0) ǫ3
̟2 − (Ω− Λ0)2
]
P1 (0)
m
+ [(V4ǫ1 − V3ǫ3)] P2 (0)
m
+f0Ω
[
(V3ǫ3 − V1ǫ1 − V3)− ̟ (ǫ3 + ǫ1)
Λ20 −̟2
]
X1 (0)
+f0Ω
[
(V2ǫ1 + V1ǫ3 − 2V4) + 2 (Ω− Λ0)
̟2 − (Ω− Λ0)2
]
X2 (0)
−2f0ΩΛθ¯
̟
[
−2
{
−V4 + (Ω− Λ0)
̟2 − (Ω− Λ0)2
}
− (V1ǫ3 − V2ǫ1) + 2 Λ0
Λ20 −̟2
ǫ1
]
P1 (0)
m̟
−2f0Ω
̟
[
Λθ¯ (V1ǫ1 + V2ǫ3) + (Λθ¯ + Λθ)
(
V3 − Λ0ǫ3
Λ20 −̟2
)]
P2 (0)
m̟
(70)
and
〈X2 (t)〉 =
[(
1− Λ0V2 + Λ
2
0
Λ20 −̟2
)
+ (Ω + Λ0) (V3ǫ3 − V4ǫ1)
]
X2 (0)
+ (Ω + Λ0)
[
(V3ǫ1 + V4ǫ3) +
(Ω− Λ0)
̟2 − (Ω− Λ0)2
]
X1 (0)
+
[(
V1 − ̟
Λ20 −̟2
)
+ (V4ǫ3 + V3ǫ1)− (Ω− Λ0) ǫ3
̟2 − (Ω− Λ0)2
]
P2 (0)
m
− [(V4ǫ1 − V3ǫ3)] P1 (0)
m
+f0Ω
[
(V3ǫ3 − V1ǫ1 − V3) + ̟ (ǫ3 + ǫ1)
Λ20 −̟2
]
X2 (0)
+f0Ω
[
(V2ǫ1 + V1ǫ3 − 2V4)− 2 (Ω− Λ0)
̟2 − (Ω− Λ0)2
]
X1 (0)
−2f0ΩΛθ¯
̟
[
2
{
−V4 + (Ω− Λ0)
̟2 − (Ω− Λ0)2
}
− (V1ǫ3 − V2ǫ1) + 2 Λ0
Λ20 −̟2
ǫ1
]
P2 (0)
m̟
+
2f0Ω
̟
[
Λθ¯ (V1ǫ1 + V2ǫ3)− (Λθ¯ + Λθ)
(
V3 − Λ0ǫ3
Λ20 −̟2
)]
P1 (0)
m̟
(71)
Once again we look at these solutions critically to point out their salient features.
First, note that like in the previous cases, we have expressed the present solutions in a
suggestive way where the first four terms represent the oscillatory nature of the HO system
independent of any GW effect (these survive when there is no incoming GW, i.e. f0 = 0) whereas
the last four terms manifestly show the effect of GW. A marked difference in the present case
with the earlier ones is the existence of two distinct resonant points at
̟ = ±Λ0
̟ = Ω± Λ0 (72)
The first one correspond to a resonance between the natural frequency of the HO and phase-
space characteristic frequency Λ0 whereas the second one is the usual resonance between the GW
and the HO system, although shifted by Λ0. This result is again consistent with our earlier work
[48] where we considered response of HO to circularly polarized GW in a spatial NC background.
Both the resonances were present in [48], however instead of the characteristic frequency Λ0 of
the NC phase-space only Λθ from the spatial NC sector appeared there.
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This, along with the result of the previous sub-section, answer all three questions posed in
the introduction. It tells us that generalizing from the spatial noncommutativity to the phase-
space noncommutativity does not alter the basic features of the response of matter system
to linearly or circularly polarized GW. That, as far as the resonance behaviour is concerned
the momentum NC scale introduces a new frequency that combines with the corresponding
characteristic frequency of spatial NC scale in such a way that looking at the resonance point
their effects cannot be distinguished.
As in the earlier cases the present solution also exhibits the existence of a smooth commu-
tative limit (Λ,Λθ¯) → (0, 0). Note that here the first resonance point ceases to exist and the
second one reduces to the usual case ̟ = Ω when we go to the commutative limit.
Similar to the previous section, here also some terms appear with coefficients
2f0ΩΛθ¯
̟ and
2f0ΩΛθ
̟ , which may or may not be of significant size in experimental realization of the quantum
mechanical HO in context of GW detectors. We estimate the size of such terms using the
currently available upper-bounds of the NC parameters θ [27] and θ¯ [11, 12] in the next sub-
section.
4.3 Realization of quantum mechanical HO in Resonant Bar Detectors
At present there are mainly two types of GW detectors that are operational, one is the ground-
based interferometric detector which operates in a wide frequency spectrum and the other is the
resonant bar detector operating in a relatively small frequency window. Both these detectors
operate in the long wavelength and low velocity regime where our calculation in the present
paper applies. Specifically the HO system that has been considered in the last two sub-sections
is readily realized in context of the resonant bar detectors pioneered by J.Weber [56, 57]. These
are typical cylindrical Aluminium bars of length L ∼ 3m and width r = 30 cm, weighing nearly
M = 2 × 103Kg. For such bar-detectors it can be shown [49] that the fundamental mode of
elastic oscillation driven by the passing GW is identical to a forced harmonic oscillator with
effective mass m0 =
M
2 ∼ 103Kg and frequency ̟0 ∼ πvsL = 5.6 kHz, where vs ∼ 5.4 km sec−1
is the sound speed within the Aluminium bar at low temperature 6. Thus the bar detector,
despite being a 2-ton macroscopic object, responds to the GW by generating collective elastic
oscillation modes that are so tiny in size that a quantum mechanical treatement is necessary
and upon quantization they are called the phonon modes. Our quantum mechanical analysis of
the HO system in this section applies to these phonon modes.
Using the existing upper-bounds on the spatial NC parameter [27] θ ∼ 10−40m2 the corre-
sponding NC frequency Λθ for such a HO mode with KHz-range frequency and m0 ∼ 103Kg
effective mass will be
Λθ ∼
(
m
m0
)(
̟
1KHz
)2 ( θ
10−40m2
)
× 0.5KHz (73)
i.e., typically in the KHz range. So it will significantly alter the resonance point. But for the
same HO mode the characteristic frequency Λθ¯ set by the momentum NC scale [11, 12] will be
Λθ¯ ∼
(
θ¯
2.32× 10−61Kg2m2sec−2
)(
m0
m
)
0.5 × 10−30Hz (74)
which is way beyond the operating range of the bar-detectors, and thus can not affect the
resonance point. Thus we conclude that though in general the results in the HO-GW interaction
case will depend on the composit NC phase-space frequency Λ0, but for the HO modes in a typical
6Let us also note that at (near) the resonance the typical reduced wavelength of the GW λ¯ = c
̟0
will be such
that L
λ¯
= πvs
c
= 6× 10−5 << 1 ensuring that the long wave-length, low-velocity limit is satisfied.
17
bar detectors Λ0 ≈ Λθ. The dimention-less parameter Λ in the present case takes value of the
order of unity
Λ =
m̟θ
h¯
≈ 1×
(
m
m0
)(
̟
1KHz
)(
θ
10−40m2
)
(75)
So in case of linearly polarized GW, terms in the solutions (54, 55) containing the factor f0Λ4 are
O [f0]. They will grow rapidly near the resonance points and affect the system significantly. But
terms proportional to
4f0Λθ¯
̟ will be O
[
f0 × 10−33
]
, so even near resonance they will be much
smaller than the other terms.
Since the bar detector operates in the KHz range, only GW’s with similar frequency is of
concern here. Thus
(
Ω
̟
)
∼ O [1] and terms with coefficients such as 2f0ΩΛθ̟ and
2f0ΩΛθ¯
̟ , appearing
in the solution (70, 71) for circularly polarized GW are O [f0Λθ] and O [f0Λθ¯] respectively. It
is evident from equations (73, 74) and the solution (70, 71) that while terms with the formar
coefficient are O [f0] and will grow significant near resonance, those with the latter coefficients
are O [f0 × 10−33] and will remain sub-dominant in comparison. So in both the cases of linearly
and circularly polarized GW, the momentum NC does not affect the result much as far as
the bar detectors are concerned. However, in general the response of a HO system to GW
depends on momentum NC parameter and such dependence may become significant for some
other realizations of quantum HO systems as GW detectors.
5 Concluding remark
In the present paper we have considered how a free particle and harmonic oscillator (HO) in
a quantum domain will respond to linearly and circularly polarized gravitational waves (GW)
if the given phase-space has a noncommutative (NC) structure. The results show resonance
behaviour in the responses of both free particle and HO systems to GW with both kind of
polarizations.
While HO system with a natural frequency is expected to display resonance with GW of
suitable frequency, it is rather curious that a free particle may also show resonance. In our
analysis it turns out that momentum noncommutativity induces a oscillatory behaviour in the
free particle with a characteristic frequency Λθ¯ and that in turn can resonate with the GW of
both polarizations, but spatial noncommutativity does not affect the response in any detectable
way. Thus it may be possible to test the existence of noncommutativity in the momentum sector
of the phase-space algebra by looking at how free particle respondes to GW. Any resonance in
the response is an evidence in favour of such noncommutativity. Also it should be noted that
even in absence of any GW the free particle’s response still contain oscillatory terms due to
momentum noncommutativity. This will show up as a oscillatory noise with characteristic NC
frequency Λθ¯ in any GW detector made based on free-particle dynamics.
In the response of HO system (with natural frequency ̟) to GW (with frequency Ω), we
found that both the spatial and the momentum sector of the noncommutative phase-space alge-
bra introduce two different characteristic frequencies (Λθ and Λθ¯ respectively) into the system,
but these two frequencies combine together to form a composit frequency Λ0 = (Λθ − Λθ¯) which
splits the expected resonance point from ̟ = Ω to ̟ = Ω±Λ0. So two equally spaced resonance
points instead of a single one at the centre is an evidance for a noncommutative phase-space
structure. There is also another resonance point at ̟ = ±Λ0 between the frequency Ω of the
rotating triad and the NC phase-space frequency Λ0 which can be a false alarm for GW detection
that one should be cautious about.
From our calculations of the quantum mechanical free particle case we saw that if free
neutrons can be subjected to the GW, the corresponding Λθ¯ will be in the Hz-range, whereas
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the dimensionless parameter Λ will be a very small number. Also the spatial noncommutativity
will not affect the neutron’s response in any measurable way.
On the other hand, we have argued that the presently operating resonant bar detectors of
GW are experimental realization of the quantum HO systems we have considered in the present
paper. In this case the effective mass of the fundamental phonon mode (phonons are quantized
vibrational modes of the bar detector that behave as HO) is ∼ 103Kg [49] and the dimensionless
parameter Λ is approximately unity, spatial NC frequency Λθ is in KHz range and momentum
NC frequency Λθ¯ is far below the Hz-range. These numbers are in complete contrast with the
earlier free particle case. We thus conclude that the mass (effective or otherwise) of a test
body that is subjected to the GW, plays a crucial role to determine the relative size of the
NC parameter dependent terms in various solutions and hence different NC dependent response
terms may become important in context of different realization of the quantum free particle or
harmonic oscillator in various GW detection scenario.
Acknowledgemnet
AS acknowledges the finantial support of DST SERB under Grant No. SR/FTP/PS-208/2012.
SG acknowledges the finantial support of DST SERB under Grant No. YSS/2014/000180.
References
[1] S. Doplicher, K. Fredenhagen and J. E. Roberts, Phys. Lett. B331, 39 (1994).
[2] S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172, 187 (1995)
[arXiv:hep-th/0303037].
[3] D. V. Ahluwalia, Phys. Lett. B339 301-303(1994), arXiv:gr-qc/9308007v2.
[4] H.S. Snyder, Phys. Rev. 71 (1947) 38; Phys. Rev. 72 (1947) 68.
[5] N. Seiberg, E. Witten, JHEP 09 (1999) 032.
[6] See for example, R.J. Szabo, Phys. Rept. 378 (2003) 207 and the references therein.
[7] G. Amelino-Camelia; Living Rev.Rel. 16 (2013) 5.
[8] Jian-zu Zhang, Phys. Rev. Lett. 93 (2004) 043002.
[9] A. E. F. Djemai and H. Smail, Commun. Theor. Phys. 41 (2004) 837.
[10] O. Bertolami, J. G. Rosa, C. Aragao, P. Castorina and D. Zapall‘a, Phys. Rev. D 72 (2005)
025010.
[11] O. Bertolami, J. G. Rosa, C. M. L. de Aragao, P. Castorina, D. Zappala, Phys. Rev. D 72
(2005) 025010, [hep-th/0505064].
[12] R. Banerjee, B. Dutta Roy, S. Samanta, Phys.Rev. D 74 045015 (2006),
arXiv:hep-th/0605277.
[13] T. P. Singh, S. Gutti and R. Tibrewala, gr-qc/0503116.
[14] P.R. Giri, P. Roy, Eur. Phys. J. C 57 (2008) 835; arXiv:0803.4090[hep-th].
[15] J. Ben Geloun, S. Gangopadhyay, F.G. Scholtz, Eur. Phys. Lett. 86 (2009) 51001;
arXiv:0901.3412[hep-th].
19
[16] K. Li, S. Dulat, arXiv:0708.3954[hep-th].
[17] V. P. Nair and A. P. Polychronakos, Phys. Lett B505 (2001) 267-274.
[18] B. Chakraborty, S. Gangopadhyay, A. Saha, Phys. Rev. D 70 107707 (2004),
[hep-th/0312292].
[19] P.M. Ho, H. C. Kho, Phys. Rev. Lett. 88 151602 (2002).
[20] A. Stern, Phys. Rev. Lett. 100 (2008) 061601.
[21] A. Saha, Eur. Phys. J.C 51 199 (2007).
[22] A. Saha, Phys. Rev. D 81 125002 (2010); ibid Phys. Rev. D 89, 025010 (2014).
[23] L. Mezincescu, “Star operation in quantum mechanics”, [hep-th/0007046].
[24] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, A.G. Hazra, Phys. Rev. D 71 (2005)
085005; [hep-th/0502143].
[25] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, J. Govaerts, J. Phys. A 38 (2005) 9849;
[cond-mat/0509331].
[26] M. Chaichian, M.M. Sheikh-Jabbari, and A. Tureanu, Phys. Rev. Lett. 86, 2716 (2001).
[27] S.M. Carroll, J.A. Harvey, V.A. Kostelecky´, C.D. Lane, T. Okamoto, Phys. Rev. Lett. 87
(2001) 141601.
[28] A. Abrampvici et al, Science 256 (1992) 325; http://www.ligo.org.
[29] B. Caron et al, Class. Quant. Grav. 14 (1997) 1461; http://www.virgo.infn.it.
[30] H. Lu¨ck et al, Class. Quant. Grav. 14 (1997) 1471; http://www.geo600.uni-hannover.de.
[31] M. Ando et al, Phys. Rev.Lett. 86 (2001) 3950; hppt://tamago.mtk.nao.ac.jp.
[32] https://www.advancedligo.mit.edu/
[33] Introduction to Gravitational Waves, R. Matzner in General Relativity and John Archibald
Wheeler, Ciufolini and R.A. Matzner (eds.), Astrophysics and Space Science Library 367,
Springer, 2010.
[34] P. Astone et al, Phys. Rev. D 47 (2)(1993) 362.
[35] E. Mauceli et al, Phys. Rev. D 54 (1996) 1264.
[36] D. G. Blair et al, Phys. Rev. Lett. 74 (1995) 1908.
[37] P. Astone et al, Astroparticle Physics 7 (1997) 231.
[38] M. Cerdonio et al, Class. Quant. Grav. 14 (1997) 1491.
[39] S. Dimopoulos, P. W. Graham, J. M. Hogan, M. A. Kasevich, S. Rajendran, Phys. Lett. B
678 (2009) 37-40; [arXiv:0712.1250].
[40] S. Dimopoulos, P. W. Graham, J. M. Hogan, M. A. Kasevich, S. Rajendran, Phys. Rev.
D78 (2008) 122002.
[41] D. Gao, P. Ju, B. Zhang, M. Zhan, Gen.Rel.Grav.43 (2011) 2027-2036, [arXiv:1103.4897].
20
[42] Giovanni Amelino-Camelia, Nature 398, 216-218 (1999).
[43] Giovanni Amelino-Camelia, Phys. Rev, D 62 (2000) 024015.
[44] A. D. Speliotopoulos, Phys. Rev. D 51 (1995) 1701.
[45] A. Saha, S. Gangopadhyay, Phys. Lett. B 681 (2009) 96; arXiv:0908.4319[hep-th].
[46] A. Saha, S. Gangopadhyay, S. Saha, Phys. Rev. D 83 (2011) 025004; arXiv:1005.3373[hep-
th].
[47] S. Gangopadhyay, A. Saha, S. Saha, Modern Physics Letters A 28 No. 35 (2013) 1350161
[48] S. Gangopadhyay, A. Saha, S. Saha, Gen Relativ Gravit (2015) 47:28
[49] Michele Miggiore, Gravitational Wave, Vol I, Theory and Experiments Oxford University
Press, 2008.
[50] P. Mukherjee, A. Saha, Phys. Rev. D 74 (2006) 027702 and the references therein.
[51] R.Banerjee, P. Mukherjee, S. Samanta, Phys. Rev. D 75 :125020, 2007.
[52] B. Allen and J. D. Romano Phys. Rev. D59 (2001) 102001, arXiv:gr-qc/9710117.
[53] http://www.lisa-science.org.
[54] M. Ando, K. Ishidoshiro, K. Yamamoto, K. Yagi, W. Kokuyama, K. Tsubono and
A. Takamori; Phys. Rev. Lett. 105 161101 (2010).
[55] K. Ishidoshiro1, M. Ando, A. Takamori, H. Takahashi, K. Okada, N. Matsumoto,
W. Kokuyama, N. Kanda, Y. Aso and K. Tsubono; Phys. Rev. Lett. 106 161101 (2011).
[56] J. Weber, General Relativity and Gravitational Waves, Interscience Publishers, Inc., New
York, 1961.
[57] Odylio Denys Aguiar, arXiv:1009.1138 [astro-ph.IM] and the reference therein.
21
